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V ABSTRACT

We derive lower bounds for the norm of the inverse Vandermonde

matrix and thy norm of certain inverse confluent Vandermonde

a matrices. They supplement upper bounds which were obta ined in

previous papers. _ —__—-.__-- - -- —
~~~
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EXPLANATION 

~~~~~~~~~~~~~~~~The sensitivity of a system of linear alqebraic equations t

small perturbations in the data depends in large measure on the

maqnitudc of the inverse of the coefficient matrix. It is therefore

of interest to estimate the norm (i.e., the magnitude) of the

inverse of a matrix. We do this here for the Vandermonde matrix

and cer ta in  related matrices , which occur frequently in problems of

numerical analysis , providing lower bounds for the norms in question.

ti~ Nr bounds, and exact formulas in special cases , have been given

previously.
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ON INVER SES OF VANDERMONDE AND CONFLUENT VANDERNONDE MATRICES III

Walter Ga u tschi

1. I n t r o d u c t ion . Norm estimates fo~ i-he inverse of a Vandermonde matrix , or the

inverse of confluen t Va iidermonde matrices , have been the subject of several previous

pape rs 111, ( 2 ) ,  14). The emphasis there was on upper bounds in the case of general

complex nodes , or i d e n t i t i e s  when the nodes are positive 11], 12] or real and sy m me t r i c

wi th re~ pc~~t to the origin (4 ]  . We now wish to supplement thcs~ results  by providing

lower bounds in the case of a rb i t r a ry  c-omplcx nodes. We ob ta in  these bounds by ap i ’lyicg

Jensen ’ s fo rmula in the theory of an a l y t i c  func t ions  to appropriate po lynomia l s .

2. .I e t i n c n ’ c f n r m u 1 i f o r _j~cl y n c i s i s . Given a io lynomia l

(2 . 1)  p ( z )  a
0 + a

1
z + + a z °, an # o

wi t h  coIu~~] c x  co ef fi c ic r .t s  a , le t  ~ , r~ deno te its zeros ordered such t ha t
U 1 2  n

k11 _ k21 ~~. 
~~- ~r

I 1 kr+i l -~
- 1~~r+2 I <

Je nsen ’ f ’e sul a , app i .i ed to (2 .1 )  on t:he fb i  t c i r c le , t he-n g i v e s  16)

= ex p (~~~ f Q n l p ( e ’°) dO)

I I C I I ( - e , I etl .i ug M = max p (e~ ) I
0<O<2s

( 2 . 2 )  a C ~~~1
C 42 ~~~ 

M 

~ ~~~ 

a l

Thun ,

(2 .3) ~ a l  > a l  VT max(l , l c~l )
v=)

Equali t y in (2.3 ) holdt if and only i f  a
~ 

= a
1 

= = a~ _ 1 = 0, i.e. , p(z)

Incised , if  p ( z) = a z 5, then ( 2 . 3 )  (with e q u a l i t y )  is t r i v i a l .  Conversely , if we have

N a t i on a l  scie nce F o u n d a t i o f l  under grant MCS 76~-00D42AOl
~~~ Spr’nccr d i n  j a r t  by the I J ni  ted FU .atcs Army under  Conti  . ic t~ No. D1~A c ,2 9—75— C—OO24 and the

~~~~~~~



equality in (2.3), we muot have equa]i t.y in (2 .  2 ) ,  hence , by Jensen ’s formula ,

N for 0 < 0 < 214. Since

V 
10 2 i ( k —f ) 0  ~ iAO

~p ( c  ) L a
k
a
~
e = 

~ 
c,~ek , i 0  Ar ’— n

is a tr i gonomet r i c  po lynom ia l  , w i t h  co e f fi c ie nt s

C A ~~~ 
C
k
a
k A ~ 

c
A 

=

( the  c e i O . e n t i u n  a = 0 if P < 0 or U > n is used h e r e ) ,  i t  can be constant  equal

to ~~ on ly  i f  c c . . .  c = 0 and c = N2. The first condition, c = 0 ,n n-l 1 0 n
imp] i .~ , a a 0 , hence a 0 ( c i n ce  a * 0) . The second cond i t ion ,n o  I> U

a a
1 

4 0
1
a
0 

0, then giveS a
1 

0, and conti nu ing  in this manner , we find recursively

a
0 

a = ... = a
1 

= 0.

3. l l i Y r \‘ , l rw ’m l r . t r i x .  We deflote-  t h e  Van derr ionde m a t r i x  of order n by

I ... I

Z . . . z1 2 n
(3. 1) V ( z )  .

U

n— i n-i  f l_ I

.5 z
2 

... S

T 
= (r ,z ,.. ., z I i vector  of n complex numb ers , cal I ci “ nodes ” . If  the —1 2

nodec are m u t u a l l y dist i  m .t , t h en V ( z )  h~~s an inver se , which we denote  by

( 3 . 2 )  V 1 ( r )  = 
~~ A U A ,p”l

We arc i n t e r e s te d  in the —norm of ( 3 . 2 ) ,

lI v ~ ( z )  11 = = max 
~ 

u~
I<A< n j i l  U

Th~ oit~n_ 3.1. If z1 , z 2 , . . . ,z o,e m u t u a l l y  d i s t i n ct  complex numbers , and n > 1, then

—1 n m a x ( l .fs I )
(3. ’,) l I v ~ (s) Ii > max 

~ 
— —-—

~~
-.-—

1<A<I) v 1  lz — z j— — .~/:A A v

— 2- - 
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Proof .  We recall 14 )  t ha t  the elements u~ in ( 3 . 2 )  are the coefficients of the

fundamental Lagranqe interpolation polynomials associated with the nodes z ,

V 

(3 .4 )  

~ ~ :~ 
= + u

A z + ... + uA Z
~~
’

Applying (2.3) and the remark following (2.3) to the polynomial of degree n — 1 in (3.4),

we find

(3.5) 
p~1 

Iu AU I > ( FT F—_-
~

—--v ) FT max (l,jz I) .

It A~ is the index A for wh ich  the ri ght-hand expression in ( 3 . 5 )  a t t a i n s  it s

maxi mum , then that  m a x i m u m  is l ess t h a n  

~~~~~ 
~A 0

p I
~ ~

knce less or equal  than

max 
~ 

Iu~ I . This estahlishes (3.3) and proves Theorem 3.1.
1<A< n 

~~ 
P

The lower bound in (3.3) supplements the upper ( a t t a i n a b l e )  bound i n  ( 1 ),  which  is

of the same form ec ( 3 . 3 )  e> :cept tha t  the £ —norS of the 2—vectors Il ,z) in the numerator

fac tors  is I e j J aced by the 9~1
—n or m .

4. c( ~.f ~_Y~ .n r ~ o 1~~ .4 r . . The tech~niqu c  used in the proof of

Theorem 3.1 can be adapted to c o n f l uen t  Vandermon de ma t r i ce s .  We illustrate this with

t the p ar t i c u lar  r~ tr ix

1 1 ... 1 0 0 ... 0

z z ... z 1 1 ... 11 2 n

2 2 2z . .. 2z 2z ... 2z
(4.1) P ( z )  = 

1 2 ii 1 2 n
2n 

. . . .
2n— 1 2n—l 2n—1 2n — 2 2n—2 2n—2

z
1 

z7 . .. z ( 2 n — l ) z  ( 2 n — l ) z
2 

. . . ( 2 n — ] ) z

considered pr eviously in (1) , ( 2 )

- . If Z
i 
. z2 Z m u t u a l l y  d is t in c t  compl~~~ nun-bar s , an d n 1, then

n max(l ,lz I ) 
2

(4.2) 0
2 
(z) H ~ max bA iT — - — —

1 A< n ~ 
Z A z v

I 
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:4 where b
A !~. the 

] cwr of t ‘ r t i t i e s

(4.3) b~
1
~ = max( l .j z A l) ,  h~

2
~ = max (2f Y — z )  

~
. j i 4 2Z

A ~ 
l/ (z

x 
— z

v
) I)

v*A

Proof. We have ( 2 )

L = [
~
], V = (v~~~) ,  W (W

A )

where

2n
— 21i (zA )(z 

— Z
A

) )  
p—i 

v
AU
z
~

( 4 . 4 )  1 < A < n
2n

t~~( z)  (z — Z
A

) = 
~ 

W
A
Z
~~~
’

p= 1

and t
A
(z) denotes the fund am ental Lagrange interpolation ~olynomial in (3.4). Applying

(2.3) to t ime polynomial s in  ( 4 . 4 ) ,  and taki ng no te  of time r , m r k  f o llo w i n g  ( 2 . 3 ) ,  one finds

22n m a x ( 1 , z

p=l 
V

A t t > ), (2 )  -

~~~~~~ 

(-
~~

--
~: 

-

2n n a x ( i j z  I )

~~~ 

IW A P I b~~~ 

~ ( 
-)

where b~’~ , b~
2
~ arc as d ef i ned  i n  (4 .3) . Dc-not i m i q  t h e I rj du -t s  FT on the r i g h t  by

- 
2n 2n vIA

and observing t hat  lI u 2~IL. 
-= m m x ( m o x  ~ v~ ~, m ix ~ 1w 1 . 1)’ an argument similar

A ~ - I  A i i l

to t ic one after (3.5) w i l l  ch .c-.- t h ~mt  b,~~~~
n

A 
< l I U ~ l~ . b~ 2~ n

1 
u~ I I~, for  a l l

A = 1, 2 , . . . ,  n , h~ nec m ax (b~~ 
) 

h~~
2
~ ) s

A II U
2~~~ 

fü r al l A 3 ,2, - . . ,n. This proves

Theorem 4.1.

V The lower hound i n  ( 4 .  2 )  SU 1’l’li ~~i i t 5  t he (at t iii nable) upper bound in  ( 2 ) , wh i  c-b ~s

of t i me same fo~ m or ( 4 . 2 )  except th~~t t h e  Z — n o r m  of the 2—vector s (I , ) in the n u me la t o r

fac tor s , ~nd the —norms de f in ing  ~~~~ and are all replaced by the respective

£
1

—noims.  In t he  case of p o s i t  i ve  nodes z anothn- r (u su a l l y  sharper) lower bound can

be found n 1 3 , Theorem 2.  1)

— 4-.
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5. Examj ~~~ s.

~~~~ p1e 5.1 (root S of unity) . z~ = e
21T

~~~~
_ U

~
c
~n , V = 1, 2 . n.

In v iew of

n ti-i
£ (z)  = A —~~-- , A 1, 2 , . .. , nA n z

P l  A

we obtain from (3.4), and from ( 4 . 4 )  aftei- a l i t t le compu t a t i on ,

(5 .1) 1IV ’(z) II = 1. 10 2’( z ) I t = 2 -

The l ower bounds in (3 .3)  ari d ( 4 . 2 )  both evaluate  to I/n, while the upper bounds in 11),

12) arc 2~ 
1
/n and (2n — 1)4

n ]
/1~
2 

respectively.

Ex~~~~ie 5.2 (rcc~ t~ . of unity on half-circle). z = e2
~~

1
~~~~~~ ’~~ , V = 1,2,..., n , where

n = (N/2) 4 1.

The t rue  norms of V 1 
and U as we l l  as the lower bounds of Theorems 3. 1 andn 2n

4.1 and t h e  upper bounds  i n  ( 11 , ( 2 1  are shown in Table 5.1 for  N = 5 ( 5 ) 2 0
(2 )  

. it  is

in t . ’ - r ’ - u t i n ;  to notv hew d el e t i o n  of the rootn  of u n i t y  on a h a l f — c i r c l e  resul ts in

suhe; ’ ~n t i l l y  1~l r r ~f 1  V u I U e c  o f I~’~ 11 and I I 0 2fl hI ~

ll v~~ll Il u~~I I
N m m Juc- -r t ru e  upper lower true ui r e m

5 3 7 . 2 4 ( — I )  1.09 2.69 1.57 1.79(1) 4.10(1)

10 t~ 1.17 1.47 (1) 3.75(1) 8.2’) 2.%C-(3) l.5 ( (-) )

15 ii 4 . 2 5  2 . 0 3 ( 2 )  5 . 4 5 ( 2 )  1 .4 6 ( 2 )  6 . l h ( r . , )  4~~~e ( c - )

20 11 1 .17(l ) 2.76(l) 1.20(4) 1.52(3) 1 . 59 ( 0 )  3 . 0 3 ( 9 )

Table 5.1. Norm estimates for Psamp ie 5.2.

2 n
E x a i n j - l c -  ~ .3.  e (z  ) = 0 , v = 1 ,2 n , where e (z) = I + z + — -+  + — -— -  — -  - - —  - — 

~
— - ri v ii 2 1 n I

Ii smn - j the z er o s  of - , tahm ml , -m ted in  1 5) ,  we o h t e i m m  t h e  r e s ult s  i n  Table S.2.

h i t  S iii ;~~ r - r t i . e s . -s j m . d j c - , t e  exp i s - u t e  of 10.

—5—
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V

I t

II v ~~I I~., It ti ;~I I

n lower true upper lower t rue  upper

5 1.12 2.08 3.93 4 . 7 6  2 . 2 1( 1)  7 . 9 0 ( 1)

10 2 .44  5 .22 1 .45(1)  4 .4 5 ( 1 )  2 .5 2 ( 2 )  1 .96(3)

15 7.45 1.69(1) 5 .71(1)  (‘.08(2 )  3 .69(3 )  4 . 2 2 ( 4 )

20 2 . 2 7 ( 1 )  5 . 3 0 ( 1 )  2.02(2) 7 . 5 4 ( 3 )  4 . 7 9 ( 4 )  6.84(5)

TabIc 5.2. Nsrm est Out’~~ fo r  Ex cnpie 5 .3 .

r.x a l ’ } - ] c -  7 . - I .  e ( z ) 0 , I m z  > 0 , v 1 ,2,...,n , where  ~~~~~~~~~~~~~~N v 2

I t ., IIii;~ l I
N n low~-r t r u e  uj per lower t rue  upper

• 5 1 1.62 2 . 14  3 .13 6.69 2 . 5 1 ( 1 )  3 . 2 9 ( 1 )

5 5 .71 1 .0 :  ( 1)  1 .2 7 ( 1 )  1 .38 (2) ~~ . 15 ( i ’ )  8. 3 ( 2 )

15 8 3 . 0 7 ( 1 )  6 . 82 ( 1 )  0 . 6 3 ( 1 )  5 .7 1 ( 3 )  3 . 2 4 ( 4 )  5 . 19 ( 4 )

20 10 l.e0(2~ 3. 60( 2) 4 . 4 9 ( u )  1. 8 8 ( 5 )  1.0 7 ( 6 )  1. 6 6 ( 6 )

Tabi - 5. . Norms c-nt irem t cc f m  X IrL ~ 5 . 4

Sine b e ’ 1’~ i -  i r ~ I: - < :r~~lc- 5 . 2 , 0- 1 - f  io n  of t h  ?: - l O- :  i n  1 1 1  ] : - \ - ~~~~l h a u l — I - i On- h i :  t i m e

c- i f -  j im - i : ;m n- ~ I nose-; (1 V 1 
O I r l  17 . 

V

n 2mm

-6-
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